Kempe classes and the Hadwiger Conjecture  by Vergnas, Michel Las & Meyniel, Henri
JOURNAL OF COMBINATORIAL THEORY, Series B 31, 95-104 (1981) 
Kempe Classes and the Hadwiger Conjecture 
MICHEL LAS VERGNAS 
Centre National de la Recherche Scientifique, 
Universitd Pierre et Marie Curie (U.E.R. 48), 
4 place Jussieu, 75005 Paris, France 
AND 
HENRI MEYNIEL 
Universitd Pierre et Marie Curie (U.E.R. 48), 
4 place Jussieu, 75005 Paris, France 
Communicated by the Managing Editors 
Received July 23, 1979 
We present several theorems and conjectures related with the notion of Kempe 
classes and the Hadwiger Conjecture. Main result: the 5-colorings of a graph not 
contractible to K 5 constitute a Kempe class. 
l .  INTRODUCTION 
Let G be a graph I with vertex-set V. A coloring of G is a mapping of V 
into a given set--the set of colors--such thatf (x)  --#f(y) for all edges {x, y} 
of G. The chromatic number of G, denoted by 7(G), is the least number of 
colors of a coloring of G. 
Consider a color ingfof  G, a and fl two different colors and A a connected 
component of the subgraph of G induced by the vertices colored in a or fl by 
f (in short: a (f;a, fl)-component of G). Define f '  by f ' (x)=f(x)  for 
xE  V~4, f ' (x )=f l  if xEA and f (x )=a, f ' (x )=a if x~A and f(x)=a. 
Clearly f '  is also a coloring of G. We say that f '  is obtained from f by 
interchanging colors in A. 
We denote by Cq(G) the set of colorings of G with colors from a given set 
of q colors, q an integer. We say that two coloringsfi g E Cq(G) are Kempe- 
equivalent in Cq(G) if there exists a sequence of colorings of Cq(G), 
t The graphs considered in this paper are finite, undirected, without loops or multiple edges. 
For relevant definitions the reader is referred to [2]. 
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f0 = f, f l  ..... fk = g such that, for i = 1, 2 ..... k, f,. is obtained from f/_ 1 by 
interchanging colors in a bicolored component of G with respect o f,._~. 
Kempe-equivalence is clearly an equivalence relation. We call the 
corresponding classes the Kempe classes of Cq(G). Trivially Cq(G) consists 
of exactly one Kempe class for all q ~>lVl. 
In the present paper we are interested in determining, for various classes of 
graphs G, for which integers q >1 ~(G), Cq(G) is a Kempe class. A first result 
of this type is due to Meyniel: if G is planar, then C~(G) is a Kempe class 
[6]. Our main result, Theorem 3.1, a particular case of a general conjecture, 
is that for h = 3, 4, 5 if a connected graph G is not contractible to K n, then 
Cq(G) is a Kempe class for q >/h. 
A closely related concept is that of Kempe chromatic number. Observe 
that an interchange of colors in a bicolored component changes the number 
of actually occuring colors at most by one. We say that an interchange is a 
Kempe interchange if the number of colors does not increase, i.e., if no new 
color is introduced. We define the Kempe chromatic number of G, denoted 
by 7K(G), as the greatest integer q such that there exists a coloring of G 
using exactly q colors from which no coloring with less than q colors can be 
obtained by performing a succession of Kempe interchanges: thus, 7K(G) 
indicates the worst outcome in attempts to determine 7(G) by picking some 
coloring of G and then eventually decreasing the number of colors by mean 
of Kempe interchanges. Clearly ~(G) ~< 7/~(G) ~<1 VI. 
The relationship between the two concepts is given by the following 
lemma, which follows immediately from the definitions: 
LEMMA 1.1. I f  ?(G) <~ qo and Cq(G) is a Kempe class for all q > qo, then 
?~(G) <~ qo. 
By Lemma 1.1 it follows from the Four Color Theorem, Wagner's 
theorem and Theorem 3.1 that if G is not contractible to K 5, then ~(G)  ~< 4 
(Corollary 3.2). 
In Sections 3 and 4 we state in terms of ~ several conjectures related with 
the Hadwiger conjecture. 
We illustrate the above definitions by an example: 
Let G=G(4 ,5 ,5 )  be the graph with vertex-set {1 ,2 ,3 ,4}• 
{1, 2, 3, 4, 5} • {1, 2, 3, 4, 5} such that (i,j, k) and (i',j', k') are adjacent if 
and only if i 4: i', j 4: j '  and k 4: k'. 
The projection Pl, defined by pl(i,j, k)= i, is a 4-coloring of G; the two 
other projections p:(i, j, k) = j and p3(i, j, k) = k are 5-colorings. We observe 
that 
(1) any q-coloring of G, q >~ 4, is Kempe-equivalent in Cq(a) to 
Pl , P2 or P3. (A q-coloring f is Kempe-equivalent to Pl if for all i there are 
j~ 4:j2 and k 14:k z such that f(i, j l ,k l )=f ( i ,  jE,k2), resp. f is Kempe- 
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FIGURE 1 
equivalent to P2 if there is i such that for all j there are k 1 4: k 2 such that 
f( i ,  j, kl) = f(i, j, k j ,  f is Kempe-equivalent to P3 if there are i, j such that 
the colors f(i, j, k), k = 1, 2, 3, 4, are pairwise different.) 
(2) P~, P2, P3 are in three different Kempe classes of C6(G ). (m 6- 
coloring obtained by Kempe interchange from a 6-coloring of G with at most 
one color not contained in some plane j constant has again this property, 
hence p: is not Kempe-equivalent to Pl, P3.) 
(3) P2 is Kempe-equivalent to Pl in Cq(G), q/> 7 (see Fig. 1: a matrix 
aij represents the coloring f(i, j, k) =aii ). 
It follows that y(G(4, 5, 5)) = 4 < yK(G(4, 5, 5)) = 5 and that the number 
of Kempe classes of Cq(G(4, 5, 5)) is 1 for q = 4, 3 for q = 5, 6 and 1 for all 
q/>7. 
This example implies that the converse of Lemma 1.1 does not hold. 
However a simple argument shows that the number of Kempe classes of 
Cq(G) cannot strictly increase with q for q >/7~:(G). 
Notations. Let X be a subset of the vertex-set of G. We denote by G[X] 
the subgraph of G induced by X. Given a coloring f of G we denote by f I X 
the restriction of f to X. For e an edge of G we denote by G/e the graph 
obtained from G by contracting e. 
The following proposition is implicit in [6] in a particular case and is a 
consequence of the following lemmas. 
PROPOSITION 2.1. I f  every induced subgraph of a graph G contains a 
vertex of degree at most q -  1, q an integer, then Cq(G) is a Kempe class. 
The hypothesis of Proposition 2.1 is equivalent o the existence of an 
ordering Vl, v2 ..... v, of the vertices of G such that v~ is of degree ~<q - 1 in 
the subgraph of G induced by {v I, vz,..., vi} for i = 1, 2 ..... n. 
LEMMA 2.2. Let G be a graph with vertex-set V and f be a coloring in 
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Cq(G). Consider a vertex x E V with degree d~(x) <~ q - 1. Then given any 
coloring g' Kempe-equivalent to f [  V~Ix } in Cq(G[V\Ix}] ) there exists a 
coloring g Kempe-equivalent to f in Cq(G) such that g' = g [ V\ tx  }. 
Proof It follows from the definition of Kempe-equivalence that it 
suffices to prove Lemma2.2 when g' is obtained from f '  =f [  V\{x} by 
interchanging colors a and/~ in a ( f ' ;  a, fl)-component A' of G[V\tx}]. 
Let A be the (f;  a, fl)-component of G containing A'. If A =A '  or A = 
A' U {x} we take for g the coloring obtained f romfby  interchanging a and fl 
in A. 
Otherwise x is adjacent to at least two ( f ' ;  a,//)-components of G[ V\{x}]. 
Hence i f f (x )= a, then x is adjacent o at least two vertices colored fl by f  
Since d~(x) ~< q - 1, there is a color fl' 4: a in the set of q colors such that no 
vertex adjacent o x is colored fl' by f  {x} is a (f;  a, fl')-component of G: let 
f be obtained from f by interchanging colors a and fl' at x. Now A' is a 
(f; a, fl)-component of G; we take for g the coloring obtained from f by 
interchanging colors a and fl in A'. 
In both cases g has the required properties. 
LEMMA 2.3. I f  for some vertex x of G with da(x) <~q - 1 Cq(G[V\{x}]) 
is a Kempe class, then Cq(G) is a Kempe class. 
Lemma 2.3 is an immediate consequence of Lemma 2.2. Using induction 
on the number of vertices, Proposition2.1 is easily obtained from 
Lemma 2.3. We leave both proofs to the reader. 
COROLLARY 2.4. Under the hypothesis of Proposition 2.1 we have 
~,,(6) <~ q. 
Proof An easy induction on the number of vertices hows that 7(G) <~ q. 
Then by Proposition 2.1 and Lemma 1.1, yx(G) ~< q. 
COROLLARY 2.5. Let h be the maximum degree of a graph G. I f  G is not 
isomorphic to Kh+ 1 or, for h = 2, to an odd cycle, then 7r(G) <~ h. 
Proof By Brooks' theorem (cf. [2, Chap. 15]) we have y(G) ~< h. Hence 
by Proposition 2.1 and Lemma 1.1, 7K(G) <~ h. 
3 
We denote by r/(G) the Hadwiger index of a graph G, that is, the greatest 
integer h such that some connected component of G is contractible to the 
complete graph K h. 
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Conjecture A. Cq(G) is a Kempe class for all integers q ~> r/(G)+ 1. 
A graph with r/(G)~< 2 is a forest; it contains a vertex of degree ~<1. A 
graph with r/(G)~< 3 is series-parallel; it contains a vertex of degree ~<2 ([3], 
cf. [7, Proposition 10.6.3]). Hence by Proposition 2.1, Conjecture A holds 
when r/(G)= 2, 3. The main result of this paper establishes Conjecture A 
when r/(G) = 4. 
THEOREM 3.1. I f  r/(G) = 4, then C~(G) is a Kempe class for all integers 
q~5.  
We recall some results which will be used in the proof of Theorem 3.1. We 
denote by ~ the class of connected graphs not contractible to K 5 such that 
G + e is contractible to K 5 for any edge e not in G joining two vertices of G. 
THEOREM (Wagner [8]). Consider G E~44. Then either there exist two 
proper induced subgraphs G~, G2 of G both in ~ such that G = G 1 U G2 
and G~ ~ G 2 is a complete graph, 
or G is planar, 
or G is isomorphic to the graph L of Fig. 2. 
THEOREM (Meyniel [6]). I f  G is a planar graph, Cs(G ) is a Kempe 
class. 
We prove an auxiliary result. 
LEMMA 3.2. Let G 1, G 2 be two graphs with vertex-sets V1, V2 such that 
GI ~ G2 is a complete graph. 
Let f E Cq(Ga k) G2) and g~ E Cq(G1) be such that f 1 =f[  V 1 and gl are 
v 
FIGURE 2 
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Kempe-equivalent i  Cq(GI). Then there exists g E Cq(G 1 ~J G2) such that f
and g are Kempe-equivalent i  Cq(G~ U G2) , gl = g l V~, and g[ V z differs 
from f [ V 2 by at most a permutation of colors. 
Proof It suffices to prove the lemma when gl is obtained from f l  by 
interchanging colors a and fl in a (f~ ; a, fl)-component A~ of G~. 
If A 1 ~ VE = 0,  A ~ is a ( f ;  a, fl)-component of G = G 1 t.) G2" We take for 
g the coloring obtained from fby  interchanging colors a, fl in A 1 . 
If A ~ ~ V 2 :~ O, let A be the (f;  a, fl)-component of G containing A 1. 
Since GanG 2 is complete, A ~ V 1 =A~ and the other (f; a, fl)-components 
of G are contained either in V~\V 2 or in Vz\V 1. We take for g the coloring 
obtained from f by interchanging colors a, fl in A and in all the ( f ;  a, fl)- 
components of G contained in V2\Va. 
In both cases g has the required properties. 
LEMMA 3.3. Let G~, G 2 be two graphs such that G 1 (~ G2 is complete. I f  
both Cq(G1) and Cq(GE) are Kempe classes, then Cq(G 1 U G2) is a Kempe 
class. 2 
Proof. Let V~, V 2 be the vertex-sets of G~, G 2. Set G=G~UG 2. 
Consider f, g ~ Ca(G ). By Lemma 3.2 applied to f and g l V~, there is h 
Kempe-equivalent to f in Cq(G) such that h IV  1 = g IV1. By Lemma 3.2 
applied to h and g l V2 there is g' Kempe-equivalent to h in Co(G ) such that 
g ' [Vz=glV2  and g' IV1 differs from h IV l=g l  V1 by  a t  most a 
permutation of colors. Clearly g' is Kempe-equivalent to g in Cq(G). 
Proof of Theorem 3.1. Let G be a connected graph not Contractible to 
K 5 . We prove the theorem by induction on the number of vertices of G, and 
for a given number of vertice by reverse induction on the number of edges. 
(1) Suppose first that G E ~ or G + e E ~f4 for some edge e not in G 
joining two vertices of G. By Wagner's theorem we have four subcases to 
consider: 
(1.1) G = G 1 ~J G2, where G~, G 2 are proper induced subgraphs of G, 
both not contractible to K 5, such that G~ ~ G 2 is a complete graph. 
By the induction hypothesis Cq(G~) and Cq(a2) are  both Kempe classes; 
hence Cq(G) is a Kempe class by Lemma 3.3. 
(1.2) G--- G~ L) G2, where G~, G2 are proper induced subgraphs of G, 
G1~ G 2 is a complete graph minus an edge e= {a,b} and G~ = G 1 +e,  
G~ = G 2 + e both belong to ~'~4. 
2A similar proof gives the following proposition: If G1, G 2 are two graphs uch that 
G~ ~ G~ is complete, then 7K(GI kJ Gz) = Max(Yx(G~), 7K(G2)). 
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By the induction hypothesis Ca(G~) and Cq(Gt2) are  both Kempe classes. 
Hence by Lemma 3.3, Cq(G'), G' = G + e, is a Kempe class. It follows that 
all colorings f of Cq(G ) such that f(a):/:f(b) are Kempe-equivalent in 
Ca(G). 
By the induction hypothesis, Cq(G'~/e) and Ca(G'2/e ) are Kempe classes. 
Hence by Lemma3.3, Cq(Gt/e) is a Kempe class. It follows that all 
colorings f of Ca(G ) such that f (a)= f(b) are Kempe-equivalent i  Ca(G ). 
If either class is empty we are done. Otherwise Ca(G) has colorings which 
assign the same color or different colors to a and b, and by restricing these 
colorings to V 1 or V2, Ca(GI) and Cq(G2) have this property as well. Since, 
by the induction hypothesis, Ca(G~) is a Kempe class, there exists a coloring 
f l  in Ca(G1) such that f l (a ) = a :/:f~(b) =fl and a and b are in two different 
(f~ ; a, fl)-components of G 1. There is a similar coloring fz in Cq(Gz). Now 
G~ ~ G z being complete minus the edge e, we may permute the colors so that 
f l  and f2 agree on G~ A G2; hence there is a coloring f in Co(G ) which 
extends both f~ and f2. Clearly a and b are in two different (f;  a, fl)- 
components of G. By interchanging colors a and fl in one of these 
components we obtain a coloring g in Cq(G) with g(a) :/: g(b). It follows that 
Co(G ) is a Kempe class. 
(1 .3 )  G is planar. By Meyniel's theorem Cs(G ) is a Kempe class. For 
q >/6, Cq(G ) is a Kempe class by Proposition 2.1 since a planar graph has a 
vertex of degree ~<5. 
(1.4) G is isomorphic to Lot  to L minus an edge. Since L is cubic, it 
follows from Proposition 2.1 that Ca(G) is a Kempe class for q/> 5. 
(2) Suppose now that there are two different edges e= {a,b} and 
e' = {a', b'} not in G joining two vertices of G such that G + e + e' is not 
contractible to K 5 . 
Since G '= G + e is not contractible to K 5, by the induction hypothesis 
Cq(G') is a Kempe class; hence all colorings f in  Ca(G) withf (a)4 : f (b)  are 
Kempe-equivalent in Ca(G). On the other hand, G"= G'/e is also not 
contractible to K~; hence all colorings f in Ca(G) with f (a )=f (b )  are also 
Kempe-equivalent i  Ca(G). 
Now since G + e + e' is not contractible to K 5, G' + e' and G" + e' are 
also not contractible to K 5. Hence there is a coloring f in Cq(G) such that 
f(a) :/: f(b) and f(a') :/: f(b'), and also a coloring f such that f(a) = f(b) and 
f(a') 4:f(b') (here we use the fact that a graph not contractible to K 5 has a 
5-coloring). From the induction hypothesis applied to G + e' it follows that 
all colorings f with f(a') :/:f(b') in Co(G ) are Kempe-equivalent i  Ca(G). 
Therefore, Ca(G) consists of exactly one Kempe class as required. 
Remark 3.4. For a given integer h, graphs not contractible to Kn have 
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bounded minimal degrees [5]. Hence by Proposition 2.1 there is a function 
qo(h) such that Cq(G) is a Kempe class for all graphs G and q >/qo(O(G)). 
The Hadwiger conjecture asserts that for any graph G we have 
0(G)/> 7(G) [4]. If Conjecture A and the Hadwiger conjecture both hold, 
then by Lemma 1.1 we have 0(G)/> )'r(G). 
Conjecture A'. For any graph G we have 0(G)>/Yx(G). 
The Hadwiger conjecture holds trivially for trees (0 = 2). It has been 
proved by Dirac for 0 = 3 [3] (cf. [7, Theorem 1.4.3]) and is a consequence 
of the Four Color Theorem [1] and Wagner's theorem [8] for 0 = 4. Hence 
from Theorem 3.1 follows: 
COROLLARY 3.5. Conjecture A' holds for all graphs G such that 
0(G) = 2, 3 or 4. 
4 
Let G be a connected graph and V be the vertex-set of G. An alternative 
definition of the Hadwiger index 0(G) of G is: 0(G) is the largest integer h 
for which there exists a partition V---- V 1 + V 1 + ... + V h of V into h non- 
empty subsets such that the subgraphs G[Vt], 1 ~i<~h, and G[ViU Vj], 
1 ~ i < j ~ h, are connected. 
Let 0'(G) denote the largest integer h for which there exists a partition 
V-- V 1 + V 2 + ... + V h of V into h non-empty subsets uch that subgraphs 
G[ Vi U Vj], 1 <<. i < j <~ h, are connected. 
Clearly we have the inequality 0'(G)/> 0(G). 
If conjecture A' is true, we have 0'(G)/> 0(G)/> 7K(G) >/7(G). 
Conjecture B. For any (connected) graph G, 0'(G)/> 7t~(G). 
Conjecture B'. For any (connected) graph G, 0 ' (G)~ 7(G). 
Conjecture B evidently implies Conjecture B'. We point out that Conjec- 
ture B', though weaker in appearence than the Hadwiger conjecture, also 
implies the Four Color Theorem: 
PROPOSITION 4.1. I f  G is a connected planar graph, then q'(G) <<, 4. 
LE~WA 4.2. Let e be an edge of a connected graph G. We have o(G) >/ 
o(G/e), resp. o'(G) >/q'(G/e). 
I f  there exists a partition V = I11 + V~ + ... + V n realizing o(G), resp. 
o'(G), such that both vertices of e are in same V i, then o(G) = o(G/e), resp. 
0' (G) = o'(G/e). 
The proof is left to the reader. 
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Proof of Proposition 4.1. Let G be a connected planar graph with 
r/'(G) >/5 and the number of vertices of G is minimal with respect o these 
properties. These exists a partition V = 1:1 + V 2 + V 3 + V 4 + V~ of V into 
non-empty subsets such that G[ViUVi]  is connected for l~<i<j~<5.  
Suppose that an edge e of G has its two vertices in one of V~, V 2, V 3, V 4 or 
V 5 . Then by Lemma 4.2 we have ~l'(G/e) = r/'(G)/> 5, a contradiction with 
the choice of G. 
Hence if we denote by m the number of edges of G and by rn~j the number 
of edges joining V~ and Vj we have m = ~l<i<j<5 mij. Since G[Vik..) Vj] is 
connected, we have m~j>~lvil +IV j [ -  1. Summing up, we get 
m>~ ~.~ ( IV i I+[V j [ -1 )=41V[ - IO .  
I ~ i<j<5 
However, G being planar, m ~< 3 I V[ - 6, a contradiction since [V[ >~ 5. 
PROPOSITION 4.3. I f  Conjecture A' is true, then for any connected graph 
G we have ~I(G)= q'(G). 
Proof. Let G be a connected graph such that r/ ' (G)> r/(G) and the 
number of vertices of G is minimal with respect to this property. Let 
V--- V 1 + V 2 + ... + V h be a partition of V realizing rI'(G ) = h. 
Suppose there is an edge e of G with both vertices in V 1. By Lemma 4.2 
we have q'(G/e) = r/'(G), and by the choice of G, ~l(G/e) = ~l'(G/e). Hence 
q'(G) = rl'(G/e) = tl(G/e) ~< r/(G) < r/'(G), a contradiction. 
It follows that the partition V = VI + V 2 + ... + V h defines a h-coloring of 
G. Now G[ V i U Vii being connected for 1 ~< i < j ~< h, a Kempe interchange 
performed on that coloring merely permutes the colors. Hence 
r/'(G) 4 ~:K(G). 
If Conjecture A' is true, we have 7K(G)~<r/(G); hence r/'(G)~< r/(G) 
contradicting the choice of G. 
Conjecture C. For any (connected) graph G, r/(G) = r/'(G). 
It follows from Proposition 4.3 and Corollary 3.5 that Conjecture C holds 
for all graphs with r/(G)~< 4. 
Note added in proof. A geometric study of Kempe quivalence for 3- and 4-colorings of 
planar triangulations is given by S. Fisk in Geometric coloring theory, Advances inMath. 24 
(1977), 298-340; Variations on coloring, surfaces and higher-dimensional manifolds, 
Advances inMath. 25 (1977), 226-266. 
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